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Double lid-driven cavityAbstract In this study, mixed convection heat transfer of water-Cu nanoﬂuid in a double lid-
driven cavity has been analyzed by lattice Boltzmann method. The double lid-driven are insulated
and the side walls have sinusoidal temperature distribution. Simulations have been carried out at
constant Grashof number 100, the Richardson numbers of 0.01, 0.1,1,10 and 100, temperature
phase deviation of 0, p=4, p=2, 3p=4 and p, the solid volume fraction from zero to 0.06 and the
Prandtl number of 6.57. The thermal modeling of passive scalar is applied and two separate distri-
bution functions for the ﬂow and temperature ﬁelds are considered. In order to calculate the ther-
mal conductivity coefﬁcient of nanoﬂuid, constant and variable properties models are used. The
results showed that in high Richardson numbers, the effect of the thermal phase deviation changes
on the ﬂow pattern is evident and in low Richardson numbers, the phase deviation changes do not
affect the ﬂow pattern. In all thermal phase deviations by reducing the Richardson number, the
Nusselt number increases and thus the heat transfer increases. Also the average Nusselt number
obtained for the constant properties model is higher compared with that of variable properties
model.
 2016 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Fluid ﬂow and heat transfer in a cavity which is driven by
buoyancy and shear force are discussed in variety of thermal
engineering applications such as food processing and ﬂoat
glass production, solar collectors, lake and reservoirs, nuclear
reactors, solar ponds and crystal growth [1–12]. Interaction ofbuoyancy force due to temperature gradient with forced con-
vection due to shear forces is a complex phenomenon called
mixed convection. Numerous researches have been published
in this type of problem such as the single or double lid-
driven cavity ﬂow and heat transfer involving different cavity
conﬁgurations, various ﬂuids and imposed temperature gradi-
ents in the last two decades. For example, Sharif [13] studied
laminar mixed convection in a shallow inclined cavity where
the top wall is warm and the bottom wall is cool. He indicated
that the average Nusselt number increases by increasing cavity
inclination angle for forced convection-dominated regime
(Ri= 0.1) while it increases more rapidly for natural
Figure 1 Schematic view and boundary conditions of the
problem.
3102 A.R. Rahmati et al.convection-dominated regime (Ri= 10). Tiwari and Das [14]
numerically investigated the mixed convection heat transfer
and ﬂuid ﬂow of Cu–water nanoﬂuid in a square cavity with
top and bottom insulated walls and differentially-heated mov-
ing sidewalls. They found that when the Ri= 1, the average
Nusselt number increases substantially with augmentation of
the volume fraction of the nanoparticles. Muthtamilselvan
et al. [15] numerically examined the mixed convection ﬂow
and heat transfer of Cu–water nanoﬂuid in a lid-driven rectan-
gular enclosure. The sidewalls of the enclosure were adiabatic
while the horizontal walls were kept at constant temperatures
and the top wall moved at a constant velocity. Arefmanesh and
Mahmoodi [16] performed a numerical study to examine the
effects of uncertainties of viscosity models for the Al2O3–water
nanoﬂuid on mixed convection in a square cavity with cold
left, right, and top walls and moving bottom hot wall. Their
results showed that the average Nusselt number of the hot wall
increases by increasing the volume fraction of nanoparticles
for both viscosity models which are used. Mazrouei Sebdani
et al. [17] conducted a numerical simulation to investigate
effect of nanoﬂuid variable properties on mixed convection
in a square cavity with moving cold side walls and a constant
temperature heater on the bottom wall. Their results showed
that the heat transfer of the nanoﬂuid could be either enhanced
or alleviated with respect to the base ﬂuid which depends on
the Reynolds number and Rayleigh number. The other appli-
cations of the mixed convection can be found in Ref. [18–36].
Numerical methods in the recent years have a lot of advan-
tages in solving the heat transfer and ﬂuid ﬂow equations. One
of these methods that grows rapidly and has a widespread
application in industry is lattice Boltzmann method. Nemati
et al. [37] have examined the mixed convection heat transfer
in a lid-driven cavity using Lattice Boltzmann simulation.
They showed that by increasing the volume fraction of nano-
ﬂuid, heat transfer rate increases and this augmentation is
more for Cu, CuO and Al2O3 nanoﬂuids, respectively. Rabien-
atajdarzi et al. [38] simulated mixed convection heat transfer in
a lid-driven square inclined cavity in different inclination
angles by using the lattice Boltzmann method. The vertical
walls of the cavity are insulated, while the bottom wall is warm
and upper wall is cold and is kept at a uniform temperature.
Their results showed that the heat transfer rate is independent
of the tilt angle for the Richardson number 0.01 and when the
Richardson number increases, heat transfer rate also varies.
Karimpour et al. [39] investigated the laminar mixed
convection heat transfer in a lid-driven rectangular enclosure
by use of the lattice Boltzmann method. They applied double
distribution function thermal model in various Richardson
numbers, tilt angles and Prandtl numbers. According to their
results, when the Prandtl number increases, the heat transfer
rate increases too. Other researches in the ﬁeld of lattice
Boltzmann method are presented in [40–45].
Considering the previous studies, it is clear that no research
is conducted in the ﬁeld of mixed convection heat transfer in
double lid-driven cavities with sinusoidal temperature distribu-
tion on sidewalls by use of the lattice Boltzmann method. In
this study, by considering a square cavity, the effect of the
Richardson number, the type and concentration of nanoparti-
cles and sinusoidal temperature phase change on the heat
transfer and ﬂow ﬁeld are examined. Also by adding nanoﬂu-
ids, a comparison between the two models, constant properties
and variables properties, is done.2. The governing equations and boundary conditions
Fig. 1 shows the studied geometry with the boundary condi-
tions. The square cavity has double lid-driven and insulated
and the side walls have sinusoidal temperature distribution
and the right side wall has a temperature phase deviation.
The cavity is ﬁlled with water-Cu nanoﬂuid. Thermo-
physical properties of water as a base ﬂuid and Cu nanoparti-
cles are presented in Table 1.
Before introducing the governing equations, the following
dimensionless parameters are deﬁned:
X ¼ x
H
; Y ¼ y
H
; U ¼ u
U0
; V ¼ v
U0
; h ¼ T TC






Based on the above dimensionless parameters, the dimen-
sionless governing equations including conservation of mass,
momentum conservation in x and y directions and energy con-






























































where Re is Reynolds number, deﬁned as u Htf and quantiﬁes the
relative importance of inertial forces to viscous forces. Ri is
Richardson number, expressed as gbDTH
u2
and represents the
importance of natural convection relative to the forced convec-




Table 1 Thermo-physical properties of the base ﬂuid and
nanoparticles [46].
Thermo-physical properties Water Cu
b  105 (1/k) 21 1.67
k (W/m K) 0.613 400
cp (J/kg K) 4179 383
q (kg/m3) 997.1 8954
l  104 (kg/m s) 8.55 –
Numerical simulation of mixed convection heat transfer of nanoﬂuid in a double lid-driven cavity 3103With regard to the geometry of the problem, the dimension-
less boundary conditions are as follows:On the bottom wall of the cavity U= 1, V= 0, @h@n ¼ 0
On the top wall of the cavity U= 1, V= 0, @h@n ¼ 0
On the left side wall of the cavity U= V= 0, h ¼ sinð2pYÞ
On the right side wall of the
cavityU= V= 0,
h ¼ sinð2pYH=Hþ cÞNanoﬂuid properties such as density, heat capacity, volume
expansion coefﬁcient, diffusion coefﬁcient, effective dynamic
viscosity and thermal conductivity coefﬁcient [47,48], are
obtained from the relations 6 to 11, respectively.
qnf ¼ ð1 uÞqf þ uqp ð6Þ
ðqcpÞnf ¼ ð1 uÞðqcpÞf þ uðqcpÞp ð7Þ








¼ ðkp þ 2kfÞ  2uðkf  kpÞðkp þ 2kfÞ þ uðkf  kpÞ ð11Þ
Thermal conductivity coefﬁcient of nanoﬂuids for variable
properties model is [49]:


















; kB ¼ 1:3807 1023 J K1
ð12Þ
c is the experiment constant that for water-Cu nanoﬂuids used
in the present work is obtained 36,000. df, and dp are the diam-
eter of water molecules and Cu particles and equal to




The Boltzmann equation consists of two parts: distribution
and collision. In the distribution step, the distribution func-
tions proceed in their velocity direction to the adjacent nodes
and the collision step represents particle collision with each
other at each node in a way that the conservation of mass,
momentum and energy laws is satisﬁed (Fig. 2). In the presentwork, the two-dimensional grid model or the so-called D2Q9
grid is used for both stream function and temperature [50].
In the present study, the passive scalar heating model is
used in the lattice Boltzmann method. In this model, the two
separate distribution functions are used for ﬂow and tempera-
ture ﬁelds. f and g are the distribution functions for the ﬂow
ﬁeld and temperature, respectively. The f distribution function
is used for calculating density and velocity ﬁeld and the g dis-
tribution function is used for calculating temperature ﬁeld.
The governing equations in the lattice Boltzmann method
for ﬂow and temperature distribution function are as follows:
fiðxþ ciDt; tþDtÞ  fiðx; tÞ ¼ 
Dt
sm
½fiðx; tÞ  feqi ðx; tÞ þDt ci F
ð13Þ
giðxþ ciDt; tþDtÞ  giðx; tÞ ¼ 
Dt
sc
½giðx; tÞ  geqi ðx;tÞ ð14Þ
ci, and Dt represent the discrete velocity vector and grid time
step, respectively. sc, and sm represent the relaxation times
related to the ﬂow and temperature ﬁeld.feqi , and g
eq
i indicate
the local equilibrium distribution functions which are calcu-
lated for the ﬂow and temperature ﬁelds as follows [37]:


















where q, T and u are the density, temperature and macroscopic
velocity vector, respectively and the weight functions xi for the
D2Q9 model are x0 ¼ 4=9, x14 ¼ 1=9 and x58 ¼ 1=36.




, and c ¼ DxDt ¼ DyDt.












By using the expansion of Chapman-Enskog, the Navier-
Stokes equations can be derived from the proposed model.
With this expansion, the kinematic viscosity and thermal diffu-
sivity coefﬁcient are expressed as follows:
t ¼ sm  1
2
 





In this study, the Boussinesq approximation is applied for
the buoyancy force. The buoyancy force in vertical direction
is as follows:
Fi ¼ 3xiqgybDT ð19Þ
In order to ensure that the simulation occurs near incom-





, and force, Vforce ¼ Ret=H,
regimes must be smaller than the ﬂuid speed of sound. In the
present study, the characteristic velocity was selected as 0.1
of sound speed.
The macroscopic quantities such as density, temperature
and velocity vector are calculated by using the following
relations:
Figure 2 The distribution step for D2Q9 model.











gi ð22Þ3.2. Independence results from grid
To ﬁnd a suitable grid that leads to the autonomous results
from grid and in order to determine the appropriate grid size,
the average Nusselt number of water-Cu nanoﬂuid in the cav-
ity with various grid point numbers for Ri= 0.1, u ¼ 0:04 and
c ¼ p=2 is presented in Table 2. As can be seen, the discrep-
ancy of the average Nusselt number between the grid with
120  120 points and the grid with 100  100 points is about
0.012%. So the grid with the 100  100 points is selected as
the optimal grid.
3.3. Validation of results
In order to validate the computer program results, the problem
geometry of Sivasankaran et al. [51] and Abu-Nada and
Chamkha [52] with our program is simulated and the results
are compared in the form of temperature and ﬂow ﬁeld and
the average Nusselt number in Figs. 3 and 4 and Table 3,
respectively. As can be seen in these ﬁgures and tables, a good
conformity is obtained with the present work.
It is also important to mention that the convergence criteria
for velocity and temperature are calculated by Eqs. (23) and
(24).Table 2 The average Nusselt number on the hot wall for
water-Cu nanoﬂuid in Ri= 0.1, u ¼ 0:04 and c ¼ p=2.
Number of points NuAvg
20  20 7.196
40  40 7.930
60  60 8.055
80  80 8.085
100  100 8.088










ðhn0þ1  hn0 Þ2
r
6 106 ð24Þ4. Results and discussion
In this section, the results such as the stream lines, the isotherm
lines, the local and average Nusselt number diagrams, the
velocity and temperature diagrams in the middle of the cavity
and comparing the average Nusselt number for two models of
nanoﬂuids, constant and variable properties in terms of
parameters such as the Richardson number, Grashof number,
Reynolds number, volume fraction, and sinusoidal phase
change temperature are presented and discussed.
4.1. Study of the flow and temperature field
In Figs. 5 and 6 the stream lines and isotherm lines in constant
Grashof number 100, the Richardson numbers 0.01, 0.1, 1, 10
and 100, and the temperature phase deviation c ¼ 0, c ¼ p=2
and c ¼ p are indicated. Since the Richardson number in
mixed convection represents the amount of the inﬂuence of
the natural convection to the forced convection, by reducing
the Richardson number in constant Grashof number, the Rey-
nolds number increases and the forced convection overcomes
natural convection. As seen in Fig. 5 in low Richardson num-
bers due to the forced convection overcome natural convec-
tion, the temperature phase deviation change has no effect
on the ﬂow pattern. In c ¼ 0 and in high Richardson numbers,
stream lines in the center of the cavity are as a circulation
which is stretched in vertical direction due to forced convection
have more effect than the natural convection. By increasing the
Reynolds number, the speed of the top and bottom walls is
increased and the ﬂow of nanoﬂuids is more stretched horizon-
tally and circulation strength increases. The stream lines for all
Richardson numbers near the top and bottom walls are denser
due to the faster ﬂow velocity in these areas.
In Fig. 6, by reducing the Richardson number for all tem-
perature phase deviations and in constant Grashof number,
heat transfer increases. Also for the proposed phase deviation,
the temperature gradient of pure ﬂuid is steeper than nanoﬂu-
Figure 3 The isothermal lines for (a) present study, (b) Sivasankaran et al. [51] in Pr= 0.71 and Ri= 1 and c ¼ p.
Figure 4 The streamlines for (a) present study, (b) Sivasankaran et al. [51] in Pr= 0.71 and Ri= 1 and c ¼ p.
Table 3 Comparing the average Nusselt number in Gr= 100
and u ¼ 0:05.




0.2 2.726 2.866 4.8
0.5 2.284 2.365 3.4
2 1.696 1.741 2.5
5 1.425 1.453 1.9
Numerical simulation of mixed convection heat transfer of nanoﬂuid in a double lid-driven cavity 3105ids along the side walls due to augmentation of the volume
fraction of the nanoﬂuids.
4.2. Study of dimensionless temperature at the center of the
cavity
Fig. 7 shows the dimensionless temperature in horizontal direc-
tion in the middle of cavity for Richardson number of 0.01, 0.1,1, 10 and 100, the temperature phase deviation of c ¼ 0,
c ¼ p=2, c ¼ 3p=4, and c ¼ p, and the volume fraction of
0.04. As can be seen, by decreasing the Richardson number
for all temperature phase deviations which are considered, the
maximum dimensionless temperature increases due to the
Reynolds number increases and so the forced convection is
dominant and the temperature gradient near the side walls
increases. Since the phase deviation of the left wall is zero, tem-
perature in the middle of the left wall becomes zero and after
that the wall temperature increases abruptly. Also when the
Richardson number decreases, the maximum dimensionless
temperature occurs close to the walls. Because in low Richard-
son numbers a thinner boundary layer and a stronger tempera-
ture gradient occur, which leads to an increase in temperature
gradient and approaches the maximum temperature to the wall.
4.3. Investigation of local Nusselt number on side walls
In Fig. 8 the variations of the local Nusselt number along the
left and right walls of the cavity are illustrated in Richardson
Figure 5 The stream lines for different temperature phase deviations and Richardson numbers for nanoﬂuid in u ¼ 0:04.
3106 A.R. Rahmati et al.
Figure 6 The isothermal lines in different temperature phase deviations and Richardson numbers for pure ﬂuid (- -) and nanoﬂuid (-) in
u ¼ 0:06.
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Figure 7 Dimensionless temperature in horizontal direction in the middle of cavity for different Richardson numbers and temperature
phase deviations in u ¼ 0:04.
3108 A.R. Rahmati et al.numbers 0.01, 0.1, 1, 10 and 100, and the temperature phases
deviation c ¼ 0, c ¼ p=2, c ¼ 3p=4 and c ¼ p, and u ¼ 0:04.
In this ﬁgure it is evident that the effect of the temperature
phase deviation change on local Nusselt number of the right
wall is more than the left wall. Because the temperature phase
deviation change only occurs on the right wall. In terms of heat
transfer, the side walls are divided into two distinct parts which
are named hot and cold areas due to the temperature phase
deviation. For the left side wall because of the zero phase devi-
ation, the wall is divided into just two parts: hot (lower half ofthe wall) and cold (upper half of the wall). In Richardson num-
bers 1, 10 and 100, by increasing the temperature phase devia-
tion, the heat transfer increases in the hot part of the wall.
With an increase in the Richardson number, the effect of the
raising phase deviation on heat transfer of the cold part of
the wall reduces, so that the increasing phase deviation in
Ri= 100 has little effect on heat transfer in the cold area.
When the Richardson number decreases this process is
reversed gradually in a way that in the Richardson numbers


































































































































































Figure 8 The local Nusselt number change along the left and right walls for different Richardson numbers and phase deviations in
u ¼ 0:04.
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3110 A.R. Rahmati et al.the heat transfer to the cold area of the wall increases. By
reducing the Richardson number, the maximum heat transfer
of the hot and cold areas of the wall, increases.4.4. Study of the average Nusselt number
In Fig. 9 the average Nusselt number along the right wall of
the cavity is indicated in Richardson numbers 0.01, 0.1, 1, 10
and 100, the temperature phases deviation c ¼ 0, c ¼ p=2,



























































Figure 9 The average Nusselt number in terms of the volume fract
numbers and temperature phase deviations.0 to 0.06. As can be seen, in all Richardson numbers and tem-
perature phase deviations, by increasing the volume fraction of
nanoparticles, the heat transfer rate improves. Also for all
Richardson numbers in constant volume fraction of nanopar-
ticles, by increasing the temperature phase deviation from 0 to
p=2, the average Nusselt number and thus the heat transfer
rate increase. Also by increasing the temperature phase devia-
tion from p=2 to p, the average Nusselt number and the heat
transfer rate decrease. The maximum Nusselt number and heat
transfer rate for all Richardson number occur in c ¼ p=2 due







































ion of nanoparticles along the right wall in different Richardson
Numerical simulation of mixed convection heat transfer of nanoﬂuid in a double lid-driven cavity 31114.5. Comparing the average Nusselt number for constant and
variable properties models of nanofluids
In Fig. 10, the variations of the average Nusselt number for
constant and variable properties models of nanoﬂuids are
shown in Richardson numbers 0.01, 0.1, 1, 10 and 100, the
temperature phase deviation c ¼ p=2 and the volume fraction
of nanoparticles 0 to 0.06. As already mentioned for constant
properties, the Brinkman model [47] for viscosity and the Max-











































Figure 10 Variations of the average Nusselt number for constant (-
Richardson numbers and c ¼ p=2, and the volume fraction of nanopaand for variable properties, the Brinkman model [47] for vis-
cosity and Patel et al’s model [38] for thermal conductivity
coefﬁcient are used. As can be seen in Fig. 10, for all Richard-
son numbers, the obtained Nusselt number in constant proper-
ties model is greater than the variable properties model due to
higher estimation of the thermal conductivity coefﬁcient in
constant properties model. It should be noted that for both
models, the average Nusselt number increases by decreasing




























) and variable (- - -) properties models of nanoﬂuids in different
rticles 0 to 0.06.
3112 A.R. Rahmati et al.5. Conclusion
In this study, mixed convection heat transfer of water-Cu
nanoﬂuid in a double lid-driven cavity is examined by use of
the lattice Boltzmann method. The double lid-driven are adia-
batic and the side walls have sinusoidal temperature distribu-
tion. Simulations have been done at constant Grashof
number 100 and different Richardson numbers, phase devia-
tion, the solid volume fraction from and the Prandtl number
of 6.57. Based on the numerical results, it was observed that:
 In low Richardson numbers, the temperature phase devia-
tion change has no effect on the ﬂow pattern, but by
increasing it, the effect of the temperature phase deviation
change on the ﬂow pattern is evident.
 By reducing the Richardson number, a severe temperature
gradient along the side walls is taken place and the Nusselt
number and heat transfer increase.
 For all Richardson numbers and in all temperature phase
deviations, by increasing the volume fraction of nanoparti-
cles up to 6%, the heat transfer rate improves.
 By reducing the Richardson number for all temperature
phase deviations, the maximum dimensionless temperature
increases.
 By reducing the Richardson number, the maximum dimen-
sionless temperature is occurred near the walls.
 The maximum Nusselt number and heat transfer rate for all
Richardson number are occurred in c ¼ p=2 due to the
motion of the upper and bottom walls.
 For all Richardson numbers the obtained Nusselt number
in constant properties model is greater than the variable
properties model.
6. List of symbolsci discreet velocity of Boltzmann gridcp (J/kg K) speciﬁc heat at constant pressurecs sound speeddf (nm) diameter of water moleculesdp (nm) nanoparticle diameterF (kg ms2) buoyancy force
fi the distribution functionf
eq
i the local equilibrium distribution functiong the gravitational accelerationgi temperature distribution functiongeqi the local equilibrium distribution function of
temperatureG (m/s2) acceleration of gravityGr Grashof Number, gbDTHt2
H (m) the height of cavitykB (J/K) Boltzmann constantk (W/m K) conduction heat transfer coeﬃcientNuavg the average Nusselt numberMa mach numberp (N/m2) pressureP dimensionless pressurePr Prandtl numberRe Reynolds numberRa Rayleigh numberRi Richardson numberT (K) temperatureU (m/s) velocity component in the direction of xV (m/s) velocity component in the direction of yU dimensionless velocity component in the direction
of XV dimensionless velocity component in the direction
of YGreek symbolsa (m2/s) thermal diﬀusivity
b (1/K) coeﬃcient of thermal expansion
l (kg/ms) viscosity
Y (m2/s) kinematic viscosityh dimensionless temperature
q (kg/m3) density
u volume fraction of nanoparticles
c temperature phase deviation
sc relaxation time of the ﬂow ﬁeld
sv relaxation time of the temperature ﬁeld
xi the weight function of the ith direction
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